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Let 0 =xo <X < <xp=1,0=yp, <y < -+ <ypa<<1 and let
A, B, C be defined by (3); suppose further that C > con~!. We prove that for
some constant ¢ = ¢(c,), depending only on ¢, , there exists an algebraic poly-
nomial P of degree < ¢n In (e + A/B) for which P(x)) = y,,i=1,...,n, and
Px)>0,0<x< 1.

1. INTRODUCTION

Let 0 =x, < <x,=1 and let y;, »;,.... ¥, be real numbers satis-
fying y; 3 #y;, i =1, 2,..., n. Under these assumptions Wolibner [1],
Kammerer [2] and Young [3] proved the existence of an algebraic polynomial
P such that

(1) P(xl) =DXis = 05 19"'5 n,

(2) P(x) is monotone decreasing on [x;_;, x;] if y;_; > y; and mono-
tone increasing on [x; ,, x,]if y;_; <y, i=1,.., n

P is called a partially monotone interpolation polynomial. When y; ; < y;
for i == 1,..., n, it is called a monotone interpolation polynomial.

The papers [1-3] do not contain estimations on the degree of the poly-
nomial P. Later on, in [4-6], such estimations were given in terms of n and of

A= max Ay, = max (y;— y.1), B= min dy,,
1<liin 1

1<i<n <i<n

3
C = min dx;
1<i<n
In [4] a monotone approximation polynomial is constructed of degree not
exceeding ¢;nA4/B, where ¢, is an absolute constant. This estimate is exact
when A/B is bounded for every n by an absolute constant. However, if this is
not so, this estimate leads to a rather high degree of the monotone inter-
polation polynomial.
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In [5] the result of {4] is generalized and in [6] an estimate for the degree of
P was given which is exact in the particular case when 4/B>=<p*, o > 1. In
this case it is proved that there exists a monotone interpolation polynomial of
a degree not exceeding c,an In 1, where ¢, is an absolute constant.

In {7] an estimate similar to the one in [6] was found for the case y, =~
Yy Y, e Yo <<t <y, and the interpolation is done by a poly-
nomial P with P'(x) < 0 for x € [x,, x,], P'(x) = 0 for x € [x,, x,].

Together with the results about monotone and partially monotone inter-
polation, other results have appeared on monotone and partially monotone
approximation.

Initially the problem of uniform approximation of monotone functions by
monotone polynomials was considered. A basic result, achieved later in [8],
is that the order by which a monotone function can be approximated by a
monotone polynomial from #, is O{w(f; n~1)). Here Hn is the set of all
algebraic polynomials of degree <(n, and w(f; §) is the modulus of continuity
of f2 w(f; 8) = supja_u s | f(x') — f(x")]. This result is remarkable since,
although an additional condition is imposed on the approximating poly-
nomial, it preserves the exact order of approximation of the well-known
Jackson theorem.

The problem of partially monotone uniform approximation can be
formulated as follows: A function fis given which is monotone in every one of
a finite number of subintervals, changing from increasing to decreasing or
vice versa exactly at the ends of the subintervals. What is the order of
approximation of f by polynomials from #,, the set of those algebraic
polynomials of degree <{n with the same monotonicity pattern as f?

This problem has been studied in [9-13]. In [13] it is shown that the exact
order of partial monotone approximation is again O(w(f; n™)).

In the present paper we shall relate the above-mentioned problems on
monotone interpolation and approximation to the following theorem giving
an exact answer to the question on the degree of monotone interpolation
polynomials for arbitrary knots and monotone interpolation data.

THEOREM 1. Let the points x;, y; satisfy 0 = x; < x; < - < x, < I,
0=y, <y, < <y, <, let A, B, C be given by (3) and let C = ¢y,
where ¢, is a constant. Then there exists a polynomial Q of degree <cn
In(e + A/B), which satisfies

O(x;) == y;, i=1,.,n Q) =0 for xe]0,1].

Here ¢ = c(c,) is a constant depending only on ¢, .

We also have

THEOREM 2. Let the points x;, y, satisfy 0 — x; < < x, =2 1/2 <
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X <X, K1, 12y, > 1 =0, 0<y <<y, <L If 4=
max, i, | 4y; |, B = miny ;o | dy; | and C' = miny ., Ax; = con™, then
there exists an algebraic polynomial T of degree <c'mln(e + A'/B) (¢’
depending only on c¢;) for which T(x)=1y,, 0<i<n; T'(x) <0 for
x€ef0, 3] and T'(x) = 0 for x e [§, 1].

2. THE MAIN THEOREM

LemMA 1. If the constants b; , €,; satisfy b; > 0, i = 1,..., n, and

max Z|€”‘(A”‘B)/B<M,
j=1

t<isn ~

where A = maX,;<, b; , B = min, g, b, , then the linear system

M + e €19 €1n X1 b,
€21 M+ ey €2n X2 by
€n1 €2 M + €nn Xn bn

has a unique positive solution (see [6] where this theorem is given in a slightly
different form).

Proof. Since the system has a dominating main diagonal, it has a unique
solution. Let | x; | = maX;<;<, | X; |. Then the /th equation assumes the
form Mx, + ¥, e;x; = b, . So

M|x | =

b, — Zfljxi‘<[blj+[xz\215u\»
=1

=1

and therefore
il Al = et < af(m— max 3 1e)
=1 / \ SIS /

Now we show that the solution of the system is positive. Denote x,, =
min, ¢;<, X; and consider the kth equation. We obtain

n n
Mx, = b, — Z €X; 22 b — x| Z L€ |
-1

i=1

= B — [A/(M —  max Z | € [)](lmax Y Je; \) > 0.
sisn =1 /] <i<in )

i=1

The last inequality follows from the assumption.
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Now let us carry out some preliminary calculations aimed at establishing
Lemma 3 below, basic for the proof of Theorem 1.
Let m and r be natural numbers,
oT(x) - 0, N € [—m, —mf2),
2 x e [—7/2, n/2],
=0, x (@2, =];

and

T o, sin{mitf2) \*"
Un.o?s ) = o j_,, ofx 1) ( m sin(¢/2) ) dt.

where 1 is defined by the condition

cmoosin(mtf2) \*
I Jh,, (W_) dr —= 1. (4)

The operator U, ., (see, e.g., [14, 15]) is called a generalized Jackson
operator. It is known [15] that U,, (c¢7; x) is a trigonometric polynomial of
order (m — D)r.

From (4) it follows easily (see [15]) that

2r

I /T R AT
gy (o) )

DEFINITION. A 2#-periodic function f'e C[—r, 7] is called bell-shaped if
it is even and nondecreasing for x € [—, 0O].

In [16] it is proved that a generalized Jackson operator applied to bell-
shaped step functions with jumps at the points kw/m, k = 1,..., m — 1 yields,
again, a bell-shaped function. The technique of this proof is similar to that
in [8].

Since o7(x) is a bell-shaped step function with jump at the point /2 if m is
even, U, . is, in that case, also bell-shaped. In what follows we shall suppose
m is even.

Since

, N = osin(mtf2) \*¥
("/H/,I'((Tza ~\) = U fn (m) (O'T(x + t) - O'T(x — f)) df, (6)

(@) yields
l'/vll/.l"(oT; 'x‘) - GT(X)

T N /2 2r
== [) (%%/—Z)T) (oT(x + 1) ~ 267(x) + oT(x — 1)) dt.
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Let 0 < o < B < 7 Then

Un.i(o7; x) — o"(x)] dx

::fs

o3

—
w

o [ s+~ 20+~

T u f (SRt Zns(l’:(tr//zz)) ) (07(x + 1) — 207(x) + oT(x — 1)) dt” dx

< J;B w(o®; x; ) dx + p Lﬂ (ril—ns(l’:lq—(ti//%)”

x g f " [67Cx + 1) — 267(x) - oT(x — £)] dxs dt

< fj w(oT; x; 8) dx + 2p L " (%’r’l%%) " woiloT 1) d, )

where w(f; x; 8) is the so-called local modulus of continuity of f,
o(f; x; 8) = sup Hx + By — f(0)l. (8)

The definition (8) can be found in [15].
w(f; 8) is the integral modulus of continuity of fin the integral [—ar, 7],

wif;8) = sup [ | fx 4 ) = (0] d.

0<h<E

Let us estimate the second term in the last line of (7). It is easily seen that
for each integrable function f, if t/u > 1, then

o(f; 1) < Qtju) w (f; u). C)
Also

sin(¢/2) = t/= for 0 <1t

N

. (10)

Using (9), (10) and (5), and setting u = 3,

e e
Tl ey "€
2m b < 2m — 1)’
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we obtain

(7 (- Sintme2) . m .
2u Jo (m) wcT; 1) dt < — wi(aT; §) (

a2 \2r o §-2ral

Eﬁ) 2r —2

B (UL(UT; 8) 2 2r—1
C2(2r — 2) ( 2n18_)

ek

< m w(cT; m1). (1)

From (7) and (11) we obtain

[¢]
f 1I L/rm,r(ar; ’Y) - O'T(X)f dx

x

-2 mle—2r=2 1
< T- v e .
gJa w(oT; x; 8) dx + 2 ) (12)
since wy(c7; m™) = 2/m.
Put now o« = 0, § = (#/2) — 6. Then from (12):
(m/2)—8 m3e—2r+2
[ U 0 = 0Tl dx < T (13)
A _
since w(o”; x; 8) = 0 for 0 < x < (#/2) — 0.
Further, put in the integral (13) x = arccos y. Then we obtain:
1 ) 1
[ 1o — Py < [ Ta(y) — POl dy
& ~sind
_ ‘~1 | oT(arccos y) — U, (arccos ) dy
~ Jstns (1 — y?i2
(m/2)—8
< f 3 Um,r(GT; X) - UT(X)J dx
1]
ie—2r+2
i ————
r— 1
where
U(}’) :0> -'1 <y \<\07
(14)
= 19 0<y{\: l’

and P(y) = U,, ,(arccos y), an even algebraic polynomial of degree <(m-1)-r.
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P is monotone increasing in [—1, 1] since U, (o; x) is a bell-shaped
trigonometric polynomial, by means of the transformation x = arccos y it
is mapped into a monotone algebraic polynomial.

On the other hand, we can assume 0 << P(x) < 1 for x e [—1, 1] since
the operator U, (f; x) is positive and

0<o(x) <1 for xe[—m, 7],

0 <ox) <1 for xe[—1,1].

The above considerations and calculations yield

Lemma 2. Let o be the function (14). For any positive integers m and r
there exists a polynomial P, monotone in [—1, 1] and of degree <(m — D)r,
for which

[ " o(x) — P()| dx < de-rm, (15)
[ 7o) — PO dx < de=rm-, (16)
-1
0 << Px) <1 for xe[—1, 1], 17
P(—x) =1 — P(x) for xe€[0, 1], (18)

where d is an absolute constant and me/2m << 8 < we[2(m — 1).
(18) is obtained easily; we omit its proof.

Proof of Theorem 1. Form the polynomial

o i X + X
Ox) = l; a;P (x — ),
where P is the monotone polynomial from Lemma 2 of degree <{(m — 1)r.
(For the time being m and r are arbitrary positive integers.)
Choose the coefficients a; in such a way that

ox;) =y, 7j=1,..,n (19

Write the system (19) in matrix form, as follows: namely,

] T L. :~: -, (20)

,] - An,l I — An,2 I — An,s SR B An,n a, Vn
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where the following notation has been used:

= Ay, = P (xl _ Ll;h‘oﬂ) A, - P (_\.1 _ _Vz_;_\l)
Al,n = P (_\'1 —_ Q—\"" TzY_’,’i)

1_411 A1.2 A13 A1 n
‘AZ 1+A1 1 1 _AZ,Z_AI,3 AZ 3 Al 3 AZ n Al n
_A:u i An —A?, 2+A2,2 I‘Aa 3“4])3 Aan Az n

—An,1+Anr—1,1 4A'rz.2”'Anv1,2 _An,{f;pdnfl.ii I_An,n_An 1,0

! Ay,
a‘z Ayg
3 I il B
a, AJ'H
From Lemma 1 it follows that if
n ‘ 77%7 B

j=1

then the system (22) has a positive solution.
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From (21), (18), (17), and the condition for monotony of the polynomial P
we find

Az‘,l -+~ Ai,z + o+ Aln

:l—P(.\'f~“_\'1__}ﬁ)+...+]WP(Xi~i_%ﬁi)

+P(xi_ii2‘f_ﬁ)+...+1,(xi_i,%§u)

Lp(MER I L p ()

2 e
+P(-n—iiz+i)+---+f>(xi_-.i‘%&1.)
< P(x; — x) + - P(le__\»),L_p(Y“;\’q _xf)

- P (xi - jl;L;;L) + P(x; — Xp) + o PG — Xp).
(24)

Let x;—x; =&, Xo—X; =& oy Xi g~ X = &4, (?Cf +ox )2 -x =
EL I+ X )2-x3)/2 = €y - '

Then since min{(§,-£)),..., (§-6ir), (§0a—€)} = mingg(—x520)/4 >
con 4,

Pl — x) + P(xy — x)) - =+ P(x;;, —x) + P (—\:ix—ii — xi)

2
52—51 gz_‘f z+1*‘§i
‘P(£1 g‘ §+ +P(§zl)§ 511+P(€:)Ez+1_52
< — 4 [PENE, — &)+ - + P(E_ (€ — &)

My <ign (X]- - Xj—l)

+ P(ENE — &
P @_ ‘a—co/eln

=

[P(x) — o(x)] dx (25)

Co Y
and in the same way
i - X;
P(x; = amg) o PO — ) o P (v, — T

2 P — o) a

0 -1

N



110 G. L. ILIEV
From (24), (25), and (26) we find

n ‘ ) 8/1 a—eydn
jmax Y |40 =k [P(x) — o(x)] dx.
i n ot

00Yo1

Now we set m = [2aen/c,] -+ 1, & = co/dn. Then n2e[2m < & = cyjdn =
m%e/2(m — 1) and Lemma 2 gives:

LN _lén

2 max Y 4, < de'm™t < dye ",
i=1 Co

where d, is a constant depending only on ¢, .
There exists a constant d, depending only on ¢, (in a way which is clear
from the above inequality and (23)), so that if r =: [d, In(e + A4/B)], then

der - ﬁ—'—‘ < 1;

or, if m = [2n2en/c,] + | and r == [dy(c,) In(e + A/B)], then (23) holds
and the system (20), hence the system (19), has a positive solution.

The interpolation polynomial Q(x) = Y5, a;P(x — (x; = x; 4)/2) will be
monotone since P is monotone in [—1, 1], and a; >0, i = 1,..., n. The
degree of Q equals that P, ie., it equals (m — 1). r << c[n In(e +~ A/B)],
where ¢ is a constant depending only on the constant ¢,.

Thus Theorem | is proved.

The estimate for the degree of the monotone interpolation polynomial:
cn In(e 4+ A/B) of Theorem 1 yields the results of [4, 6]: For A/B <C const.,
the result in [4] is obtained and for 4/B < n*, « > 1, the result in [6].

Of interest are the cases where 4/B lies between a constant and a constant
times n%, « = 1. In all these cases Theorem 1 estimates the degree of the
monotone interpolation polynomial. For example, if 4/B < In n, the degree
of the monotone interpolation polynomial is <cn In In #n.

The exactness of the estimate of Theorem 1 follows from [4, 6] only if
A|/B < const. or A/B < n* « > 1. However, it proved that Theorem 1
gives an exact answer to the question of the degree of the monotone inter-
polation polynomial for an arbitrary order of A/B. From Theorem 1 one can
also easily obtain the result of Lorentz and Zeller [8].

From Theorem 2 one can prove the proposition in [13] but we do not
consider this here since Theorem 2 is not proved in this paper.

From Theorem 1 it is also possible to obtain an estimate for the poly-
nomial monotone approximation of a bounded monotone function with
respect to the Hausdorff distance.
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Hausdorff distance between functions was introduced by Sendov and
Penkov [17]. Let fand g be functions, bounded in [0, 1].
The number

r(f, g) = max{sup inf d(4, B), sup inf d(4, B)},
Aef Beg A€g Bef

where d(A4, B) = max{|a; — by |, |ay — by |}, A =(ay,a), B=(by, by),
and f is the completed graph of the function f (the intersection of all closed
point sets, bounded along the y-axis which are convex with respect to the
y-axis, whose projection on the x-axis coincides with [0, 1] and which contain
the graph of f) is called the Hausdorff distance between f and g.

The number

En(f)'r = 1}55‘1 I‘(/, P)

is called the best approximation of f with respect to the Hausdorff distance.
A basic result in the theory of Hausdorff approximation is the following
universal estimate obtained by Sendov [18]:

E(f), = O(n n/n).

From Theorem 1 it is easily obtained that the order of the above estimate is
preserved when we approximate a monotone bounded function by a mono-
tone polynomial with respect to the HausdorfT distance. This fact was proved
for the first time in [16].
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